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Abstract. Let fefa;]^) be the polynomial ring k[x] localized in the maximal ideal 
(x) C k[x]. We study the Hilbert functor parameterizing ideals of colength n in this 
ring having support at the origin. The main result of this article is that this functor 
is not represent able. We also give a complete description of the functor as a limit of 
representable functors 



1. Introduction. 

Let k be a field. Let R be a local noetherian /c-algebra with maximal ideal P. 
The Hilbert functor of n-points on Spec(i?), denoted as T-Cilb R , is determined by 
sending a scheme T to the set 

' Closed subschemes Z C T x fc Spec(-R) such that 
the projection Z — > T is flat, and where the global 
sections of the fiber Z y is of dimension 
k K(y)-vector space for all points y G T. 



mw n R (T) 
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We let Hilb n R(T) C Hilb R (T) be the set of T-valued points Z of Hilb R such 
that Z re d C Tx/ c Spec(i?/P). Here Z rea - is the reduced scheme associated to Z. The 
assignment sending a /c-scheme T to the set 7iilb n R(T) determines a contravariant 
functor from the category of noetherian fc-schemes to sets. The functor 7iilb n R is 
different from the Hilbert functor 7iilb R . 

The functor 7iilb n R with R = C{a;,y}, the ring of convergent power series in 
two variables, was introduced by J. Briangon in [1], and its set of C-rational points 
were described. The motivation behind the present paper was to understand the 
universal properties of Hilb n C{x,y}. 

Instead of analytic spaces, as considered in [1], we work in the category of noe- 
therian /c-schemes. Primarily our interest were in the representability of the functor 
7iilb n k[[x, y]]. However, we realized that the problems we faced were present for 
H.ilb n k[x]( x }, where /c[x]( x ) is the local ring of the origin at the line. To illustrate 
the difficulties of the representability of Hilb n k[[x, y]] we will in this paper focus on 
Hilb n k[x]( x ^, the functor parameterizing colength n ideals in fc[a;] (,,.), having support 
in (x). 

The scheme Spec(k[x]/ (x n )) is the only closed subscheme of Spec(/c[x]( x )) whose 
coordinate ring is of dimension n as a A;-vector space. It follows that the functor 
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Hilb n k[x]f x ^ has only one /c-valued point. Thus in a naive geometric sense the func- 
tor Hilb n k[x]( x ) is trivial. We shall see, however, that the functor Ti.ilb n k[x]^ is not 
representable! In fact we show in Theorem (4.8) that 7iilb n R is not representable 
when R is the local ring of a regular point on a variety. 

In addition to Theorem (4.8) which is our main result, we show in Theorem (5.5) 
that the non-representable functor 7iilb n k[x]^ x ) is pro-represented by k[[s\, . . . , s n ]], 
the formal power series ring in n-variables. In Theorem (6.8) we show that there 
exist a natural filtration of TCilb n k[x]( x ) by representable subfunctors {H n ' m } m >o, 
where 7i n ' m is a closed sub functor of TC n,m+1 . 

The three theorems (4.8), (5.5) and (6.8) completely describe Hilb n k[x]^ x ). The 
three mentioned results are more or less explicit applications of Theorem (3.5), 
which describes the set of elements in Hilb n k[x\^ x ) (Spec(A)) for arbitrary /c-algebras 
A. 

The paper is organized as follows: In Section (2) we recall some results from 
[2]. In Section (3) we establish Theorem (3.5). The sections (4), (5) and (6) are 
applications of Theorem (3.5). In Section (4) we show that Hilb n k[x]^ is not 
representable. We pro-represent 7iilb n k[x\^ in Section (5). We give a filtration of 
7iilb n k[x]( x ) by representable subfunctors in Section (6). 

I want to thank to my thesis advisor Dan Laksov for his help and assistance 
during the preparation of the present paper. I thank Torsten Ekedahl, Trond 
Gustavsen, Yves Pitteloud and the referee for their comments and remarks. 

2. Preliminaries. 

2.1. Notation. Let k be a field. Let k[x] be the ring of polynomials in one variable 
over k. The polynomials f(x) in k[x] such that /(0) 7^ form a multiplicatively 
closed subset S in k[x]. We write the fraction ring k[x]s = k[x]( x y For every 
/c-algebra A we write A <S>k k[x] = A[x]. The localization of the k[x] -algebra A[x] 
in the multiplicatively closed set S C k[x] is A <S>k k[x]( x y If I is an ideal in a ring 
A we let SH(7) denote its radical, and if P is a prime ideal we let k(P) = Ap/PAp 
be its residue field. 

Lemma 2.2. Let A be a k-algebra. Let I C A <S>k k[x]^ be an ideal such that 
A <S>k h[x](x)/I i s a f ree A-module of rank n. Then the following two assertions 
hold: 

(1) The classes of 1, x, . . . , x n ~ l form an A-basis for A ®fc k[x]t x \/I . 

(2) The ideal I is generated by a unique F(x) = x n — uix n ~ 1 + • • ■ + (—l) n u n 
in A[x] . 

Proof. See [3], Lemma (3.2) for a proof of the first assertion. The second assertion 
follows from [3], Theorem (3.3). 

Proposition 2.3. Let A be a k-algebra. Let I C A ®k k[x]^ be an ideal with 
residue ring M = A<S>k k[x]^/I. Assume that 

(1) There is an inclusion of ideals (x) C 9^(7) in A <S>k k[x]( x y 

(2) The A-module M = A® k k[x\ {x )/I is flat. 

(3) For every prime ideal P in A we have that M ®a k (P) is °f dimension n 
as a k(P) -vector space. 

Then M is a free A-module of rank n. 

Proof. We first show that M (&a Ap is free for every prime ideal P in A. Thus we 
assume that A is a local /c-algebra. Assumption (1) is equivalent to the existence 
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of an integer N such that we have an inclusion of ideals (x N ) C I in A <g> k k[x]( x y 
Consequently we have a surjection 

A (g) k k[x] (x) /(x N ) ^M = A(g) k k[x] (x) /L (2.3.1) 

We have that A® k k[x]^/(x N ) = A[x]/(x N ). It follows from the surjection (2.3.1) 
that M is generated by the classes of . . . ,i Af_1 . In particular M is finitely 
generated. A flat and finitely generated module over a local ring is free, see [4] 
Theorem (7.10). Hence by Assumption (2) we have that M is a free A-module. By 
Assumption (3) we have that the rank of M is n. 

Thus we have proven that M ®a Ap is free of rank n for every prime ideal P in 
A. It then follows by Assertion (1) of Lemma (2.2) that M ®aAp has a basis given 
by the classes of 1, x, . . . , x n_1 . Since the classes of 1, x, . . . , x n ~ l form a basis for 
M ®a Ap for every prime ideal P of A, it follows that 1, x, . . . , x n_1 form a basis 
for M. 

Theorem 2.4. Let A be a k-algebra and let F(x) in A[x] be a polynomial where 
F(x) = x n — uix n ~ 1 H — • + (— l) n u n . The following three assertions are equivalent. 

(1) For all maximal ideals P of A with residue map <p : A — > Aj P , the roots 
of F ip (x) = x n — ip{ui)x n ~ 1 + ■ ■ ■ + (—l) n p(u n ) in the algebraic closure of 
A/P are zero or transcendental over k. 

(2) The ring A® k k[x]^/(F(x)) is canonically isomorphic to A[x]/(F(x)). 

(3) The A-module A ® k k[x]^/(F(x)) is free of rank n with a basis consisting 
of the classes of 1 

Proof See [3], Assertions (1), (4) and (5) of Theorem (2.3). 

Corollary 2.5. Let F{x) = x n — uix 71-1 + ■ ■ ■ + (—l) n u n be an element of A[x]. 
Assume that the coefficients ui, . . . ,u n are in the Jacobson radical of A. Then we 
have that M = A <S> k k[x]^/(F(x)) is canonically isomorphic to A[x]/(F(x)). In 
particular we have a canonical isomorphism M = A[x]/(F(x)) (17) when A is local 
and the coefficients ui, ... , u n of F(x) are in the maximal ideal of A. 

Proof. Let P be a maximal ideal, and let ip : A — > A/P be the residue map. We 
have that F lf {x) = x n since the coefficients ui, . . . , u n of F(x) are in the Jacobson 
radical of A. Consequently the roots of F^(x) are zero, and the Assertion (1) of 
the Theorem is satisfied. 

Corollary 2.6. Assume that F(x) in A[x] is such that the assertions of the The- 
orem are satisfied. Then an inclusion of ideals (x N ) C (F(x)) in A® k k[x]^ x ) is 
equivalent to an inclusion of ideals (x N ) C (F(x)) in A[x]. 

Proof. Obviously an inclusion of ideals in A[x] extends to an inclusion of ideals in 
the fraction ring A ® k fe[x]( x ). Consequently it suffices to show that an inclusion 
(x N ) C (F(x)) in A® k fc[x](a;) gives an inclusion (x N ) C (F(x)) in A[x}. Assume 
that we have an inclusion of ideals (x N ) C (F(x)) in A ® k k[x]^, or equivalently 
a surjection 

A ® fc k[x] {x) /{x N ) -> A ® k k[x] (x) /{F{x)). (2.6.1) 

We have that F(x) in A[x] satisfies the conditions in the Theorem. Hence we have 
a canonical isomorphism A (g> fc k[x]^/(F(x)) = A[x]/(F(x)). Then the surjec- 
tion (2.6.1) gives a surjection A[x]/(x N ) — > A[x]/(F(x)) which is equivalent to an 
inclusion of ideals (x N ) C (F(x)) in A[x]. 
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3. Polynomials with nilpotent coefficients. 

The purpose of this section is to establish Theorem (3.5). Applications of The- 
orem (3.5) is given in Sections (4), (5) and (6). 

3.1. Set up and Notation. We will study ideals generated by monic polynomials 
with nilpotent coefficients. For this purpose we introduce the following terminology; 
Let A be a commutative ring, and let A[t\, ... , t n ] be the polynomial ring over A in 
the variables t\, . . . ,t n . Let Si(t) = Si(t\, . . . , t n ) be the i'th elementary symmetric 
function in the variables ti,...t n . The elementary symmetric functions Si(t) are 
homogeneous in the variables ti, . . . ,t n , having degree deg(sj(f)) = i. We let 
A = A and consider the ring of symmetric functions A[si(t), . . . , s n (t)] = @i>oAi 
as graded in ti, . . . ,t n . For every positive integer d we have the ideal ®i>d,Ai C 
A[si(t), . . . , s n (£)]. We denote the residue ring by 

Q d := A[ Sl (t), s n (t)]/ ® l > d Ai. (3.1.1) 

Lemma 3.2. Let u\,... ,u n be nilpotent elements in a ring A. Then the homo- 
morphism u : A[si(t), . . . , s n (t)] — > A, determined by u(si) = Ui for % = 1, . . . , n, 
factors through Qd for some integer d. 

Proof. The coefficients u\, . . . ,u n are nilpotent by assumption. Hence there exist 
integers rii such that it"* = for every i = 1, . . . ,n. Let r = maxjni}, and let 
d = t + 2t + ■ ■ ■ + nr. We claim that it : A[s\(t), . . . , s n (t)] — > A maps @i>dAi 
to zero. It is enough to show that monomials m(si(t), . . . ,s n (t)) of degree > d 
are mapped to zero. We have that m(si(£), . . . , s n (t)) = si(t) ei S2(t) e2 . . .s n (t) en 
where e\ + 2e 2 + ■ • • + ne n = deg(m(si(t), . . . , s n (t))). It follows that at least one 
ej > r, and consequently u- 3 = 0. Thus we have that it(si(t) ei s 2 (^) e2 • • • s n (t) e ") = 
u^ 2 ...<™ = 0. 

3.3. Polynomials with nilpotent coefficients. For every monic polynomial 

F(x) =x n -u 1 x n ~ 1 ^ + (-l) n -u n mA[x] we let u F : A[ Sl (t), . . . ,s n (t)} -> A be 

the A-algebra homomorphism determined by UF(si(t)) = U{ for % = 1, . . . , n. Let 

n 

A(t, x) = Y[(x - U) =x n - s^x"- 1 + ■■■ + (-l) n s n (t). (3.3.1) 

i=l 

If D(t, x) = D(ti, ... ,t n ,x) is symmetric in the variables ti, . . 
in be the image of D(t, x) by the map uf <8> 1 : A[si(i), . 
In particular we have that A UF (x) = F(x). 

For every non-negative integer p we define d p (ti, x) in A[ti, 

d p (t h x) = (x + U)(x 2 +t 2 l )...(x 2P +tf ). (3.3.2) 

It follows by induction on p that (x — ti)d p (ti, x) = x 2P+1 — tf +1 . We let 

n 

D P (t,x) = Y[d p (U,x). (3.3.3) 

i=l 

For every non-negative integer N, we let Si(t N ) = s^tf, ,t^), which is a 
homogeneous symmetric function in the variables £i,... ,t n . We have that the 
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. ,t n , we let .D Uf (ic) 
.. ,s„(t)][x] -> 

. . . ,t„,x] by 



degree of Si(t N ) is deg(si(t N )) = iN. Both A(t,x) and D p (t,x) are symmetric in 
the variables ti, . . . , £ n . Their product is 

n 

t=i (3.3.4) 
= x 2 ^ - Sl (t 2P+1 )x* P+1 ^ + ... + (-l)s n (t 2P+1 ). 

Proposition 3.4. Let F(x) = x n — + • ■ • + (— l) n u n be an element of A[x] . 

Then the coefficients u\, . . . ,u n are nilpotent if and only if we have an inclusion of 
ideals (x) C 9t(F(x)) in A[x]. 

Proof. Assume that the coefficients u\, . . . , u n of F(x) are nilpotent. We must show 
that x E JH(F(x)), or equivalently that x N £ (F(x)) for some integer N. By 
Lemma (3.2) the map up '■ A[si(t), . . . , s n (t)] — > A determined by upisiit)) = Ui, 
factors through Qd for some integer d. Let p be an integer such that 2 P+1 > d. 
The function D p (t, x) (3.3.3) is symmetric in the variables ti, . . . , t n . We will show 
that D^ F {x) in A[x] is such that F(x)D% F (x) = x N . The product A(t, x)D p (t, x) 

is given in (3.3.4), and the degree of the symmetric functions Si(t 2P ) = i2 p+1 > d. 
Consequently the class of A(t, x)D p (t, x) in Qd[x] equals x 2 n . We obtain that 

x 2P+ln = A Uf (x)D; f (x) = F(x)D p F (x), (3.4.1) 

in A[x]. Hence we have that (x) C 9\(F(x)). 

Conversely, assume that we have an inclusion of ideals (x) C 9\(F(x)) in A[x]. 
Then there exist a G(x) in A[x] such that x N = F(x)G(x) for some integer N. Let 
P be a prime ideal of A, and let (p : A — > k(P) = K the the residue map. Let 
F (p (x) and G (p (x) be the classes of F(x) and respectively, in K[x\. We have 

x ^ = F^(x)G v {x) = (x n - ^(u^x 71 - 1 + ■■■ + (-l) n v(un))G^(x), (3.4.2) 

in K[x\. The ring K[x] is a unique factorization domain, hence (p(ui) = for 
i = 1, . . . , n. Therefore the classes of Ui are zero in A/P for all prime ideals P of 
A. We have shown that u\, . . . ,u n are nilpotent. 

Theorem 3.5. Let A be a k-algebra, and let I C A<S>kk[x]^ be an ideal. Write the 
residue ring as M = A<S>k k[x]^/I. The following two assertions are equivalent. 

(1) M is a flat A-module such that for every prime ideal P in A we have that 
M ®a K (P) is °f dimension n as a k(P) -vector space, and we have an 
inclusion of ideals (x) C in A <S>k k[x]( x y 

(2) The ideal I is generated by an element F(x) in A[x], of the form F(x) = 
x n — uix n ~ 1 + - ■ • + (— l) n u n , where the coefficients ui, .. . ,u n are nilpotent. 

Proof. Assume that Assertion (1) holds. By Proposition (2.3) we have that M is a 
free A-module of rank n. It follows from Lemma (2.2) that the ideal I is generated 
by a unique F{x) = x n — uix n ~ l + ■ ■ ■ + (—l) n u n in A[x], and that the classes 
of 1, x, . . . ,a; n_1 form a basis for M. Consequently F(x) in A[x] is such that the 
assertions of Theorem (2.4) hold. By assumption there is an inclusion of ideals 
(x) C 9t(F(x)) in A® k k[x\ x ). Or equivalently that (x N ) C (F(x)) in A ® fc k[x] {x) 
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for some integer A. By Corollary (2.6) we get an inclusion of ideals (x N ) C (F(x)) 
in A[x\. It follows from Proposition (3.4) that the coefficients ui, . . . ,u n of F(x) 
are nilpotent. 

Conversely, assume that Assertion (2) holds. Since the coefficients u\, . . . , u n of 
F(x) are nilpotent, we get by Corollary (2.5) that F(x) is such that the assertions 
of Theorem (2.4) is satisfied. Thus M = A ® k k[x]^/(F(x)) is a free A-module of 
rank n. In particular we have that M is a flat A-module such that M ®a k(P) is of 
rank n, for every prime ideal P in A. What is left to prove is the inclusion of ideals 
(x) C 9t(F(x)) in A ®fc fe[x](a.). It follows from Proposition (3.4) that there is an 
inclusion of ideals (x) C D\(F(x)) in A[x]. Consequently there exist an integer A 
such that we have an inclusion (x N ) C (F(x)) in A[x]. By Corollary (2.6) we get 
an inclusion of ideals (x N ) C (F(x)) in A<g>k k[x]( x y We have proven the Theorem. 

4. The non-representability of Hilb n k[x]( x ). 

In this section we define for every local noetherian /c-algebra P, the functor 
Hilb n R. We will show in Theorem (4.8) that the functor Hilb n R is not representable 
when R is the local ring of a regular point on a variety. 

4.1. Notation. If Z is a scheme, we let Z re d be the associated reduced scheme. 
Given a morphism of schemes Z — > T. The fiber over a given point j/ G T we write 
as Z y = Z x T Spec(«(y)). Here /c(y) is the residue field of the point y G T. 

Lemma 4.2. Let / and J 6e two ideals in a ring A. Assume that I is finitely 
generated. Then an inclusion I C 9t( J) is equivalent to the existence of an integer 
N such that I N C J. 

Proof. Let xi, . . . , x m be a set of generators for the ideal /. Assume that we have 
an inclusion of ideals / C 9t(J). It follows that there exist integers such that 
x^ G J, for % = 1, . . . ,m. Thus we have that C J, when A > ^^lC 71 * -!) + !• 
The converse is immediate, and we have proven the Lemma. 

Lemma 4.3. Let I be an ideal in a noetherian k-algebra R. Let T be a noetherian 
k-scheme. Suppose that Z C T Xj~ Spec(R) is a closed subscheme. Then Z re d C 
T Xfc Spec(.R/i") if and only if there exist an integer A = N(Z) such that Z C 
T x k Spec(R/I N ). 

Proof. The scheme T is noetherian and we can find a finite affine open cover {Ui} 
of T. Thus {Ui x fc Spec(-R)} is a finite affine open cover of T X/- Spec(i?). It follows 
from the finite covering of T x k Spec(-R) that it is enough to prove the statement 
for each Ui x k Spec(-R). Hence we may assume that T is affine. 

Let T = Spec(A), and let the closed subscheme Z be given by the ideal J C 
A <S>k R- The image of the natural map A ® k I — > A <S>k R, we write as I a- The 
ring R is noetherian, hence I C R is finitely generated. Consequently the ideal 
Ia Q A ®fc is finitely generated. It follows from Lemma (4.2) that I a Q ^-(J) if 
and only if 1% C J for some A. We have proven the Lemma. 

4.4. Definition. Let R be a local noetherian /c-algebra. Let P be the maximal 
ideal of R. Let n be a fixed positive integer. We define for any fc-scheme T the set 



Hilb n R{T) = < 



Closed subschemes Z C T x k Spec(P), where the 
projection Z — » T is flat, such that the global sections 
of the fiber Z y is of dimension n as a ft(y)-vector space 
k for all points y G T and such that Z re d CTxit Spec(P/P)., 



4.5. Lemma. The assignment sending a k-scheme T to the setHilb n R(T), deter- 
mines a contravariant functor from the category of noetherian k-schemes to sets. 

Proof Let U — > T be a morphism of noetherian fc-schemes. If Z is a T- valued point 
of 7iilb n R we must show that Zjj = U x-r Z is a element of TCilb n R(U) . The only 
non-trivial part of the claim is to show that Zjj is supported a,t U x k Spec(R/P). 

Since Z is supported at T Spec(i?/P) there exist by Lemma (4.3) an integer 
N such that Z C T x k Spec(R/P N ). It follows that Z v C U x k Spec(R/P N ). 
Hence by Lemma (4.3) we have that Zjj is supported at U x k Spec(R/P). We have 
proven the claim. 

Remark. Note that we restrict ourselves to noetherian /c-schemes. It is not clear 
whether Hilb n R is a presheaf of sets on the category of /c-schemes. 

Remark. When R = C{x,y}, the ring of convergent power series in two variables, 
the Definition (4.4) gives the functor of J. Briangon [1]. 

Lemma 4.6. Let R be a local noetherian k-algebra. Let P be the maximal ideal of 
R, and let R be the P-adic completion of R. We have that Hilb n R is canonically 
isomorphic to TLilb n R. 

Proof. We have that R is a local ring with maximal ideal P = P®rR. Furthermore 
we have for any positive integer N that R/P N = R/P N . It follows that for any 
/c-scheme T we have that 

T x k Spec(R/P N ) = Tx k Spec(R/P N ). (4.6.1) 

Thus if Z is an element of 7iilb n R(T) there is by Lemma (4.3) an integer N such 
that Z is a closed subscheme of T x k Spec(R/P N ). By (4.6.1) it follows that Z is 
a closed subscheme of T x k Spec(R) having support in T x k Spec(R/ P). We get 
that Z is an element of Tiilb 71 R(T) . It is clear that a similar argument shows that 
the converse also holds; any element Z e Hilb n R(T) is naturally identified as an 
element of Hilb n R(T). We have proven the Lemma. 

Lemma 4.7. Let A be a k-algebra. Given a nilpotent element e in A, such that 
the smallest integer j where e J = is j = 2 m+1 . Then the smallest integer N 
such that we have an inclusion of ideals (x N ) C [x n — ex 71-1 ) in A <S>k k[x]^ is 
N = 2( m+1 ) +71-1. 

Proof. We first show that we have an inclusion (x N ) C {x n — ex n ~ l ) in A® k k[x]^ x ), 
with iV = 2 m+1 + n — 1. For every non-negative integer p we let 

d p (e,x) = (x + e)(x 2 + e 2 )...(x 2P +e 2P ) in A[x]. (4.7.1) 

We have that (x — e)d p (e, x) = x 2<P+1> — e 2(p+1) j n A[x]. Thus when p > m, we have 
that (x — e)d p (e, x) = x 2P+1 in A[x\. It follows that there is an inclusion of ideals 

(x 2m+1+n - 1 )C(x n -ex n - 1 ) in A® k k[x] {x) . (4.7.2) 

We need to show that 2 m+1 + n — 1 is the smallest integer such that the inclusion 
(4.7.2) in A ® k k[x\^ x) holds. 
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Let N + r = 2 m+1 + n — 1, where r is a non-negative integer. Assume that we 
have an inclusion of ideals (x N ) C (x n — ex n_1 ) in A® k k\x\ x y The element e E A 
is nilpotent, hence by Corollary (2.5) we have that F(x) = x n — ex 71-1 is such that 
the assertions of Theorem (2.4) are satisfied. It follows by Corollary (2.6) that an 
inclusion of ideals (x N ) C (F(x)) in A ® k /c[a;]( x ) is equivalent with an inclusion 
of ideals (x N ) C (F(x)) in A[x\. Consequently there exist a G(x) in A[x] such 
that x N = (x n - ex^Gix). Let d m (e, x) in A[x] be the polynomial as defined in 
(4.7.1). We have that (x — e)(i m (e, x) = x 2 ™ + . Hence we get the following identity 
in A[x]; 

(x n - ex n - 1 )rf m (e, x) = x 2 ^ 1 ^- 1 = x N x r = (x n - ex n ~ 1 )G{x)x r . (4.7.3) 

The element x n is not a zero divisor in the ring A[x]. It follows that the element 
(x n — ex 71-1 ) is not a zero divisor in A[x]. From the identity in (4.7.3) we obtain 
the identity (x n — ex n ~ 1 )(d m (e,x) — G(x)x r ) =0 in A[x], which implies that 
d m (e, x) = G(x)x r in A[x\. The polynomial <i m (e, x) (4.7.1) has a constant term 
e 2 m+1 _1 7^ 0. Consequently x does not divide <i m (e,x). Therefore r = 0, and 
N = 2 m+1 + n — 1 is the smallest integer such that we have an inclusion of ideals 
(x N ) C (x n - ex 71 ' 1 ) in A ® k k[x] {x) . 

Remark. When e(m) = e is as in Lemma (4.7), we have that the closed subscheme 
Z m = Spec(A ®fc /c[x]( x )/(x n — tx n ~ 1 )) C Spec(A ® k M x ](x)) is a subscheme of 
Spec(A) x k Spec(A;[x]/(x JV )) if and only if A > 2 m+1 + n - 1. 

Theorem 4.8. Let R be a local noetherian k-algebra with maximal ideal P. Assume 
that the P-adic completion of R is R = k[[x±, . . . , x r ]], the formal power series ring 
in r > variables. Then we have that the functor Hilb n R is not representable in 
the category of noetherian k-schemes. 

Proof. Write and set k[x\^ = k[xi, . . . ,i r ]( Ilr .. iIr ) the localiza- 

tion of the polynomial ring k[xi, . . . ,x r ] in the maximal ideal (x±, . . . , x r ). By 
Lemma (4.6) it suffices to show that Hilb n k[x\^ x ) is not representable. 

Assume that Hilb n k[x]^ is representable. Let H be the noetherian /c-scheme 
representing the functor 7iilb n k[x\^ x y Let U G 7iilb n k[x\^ x y[H) be the universal 
family. Then in particular we have that U re d Q H x k Spec(/c). Hence, by Lemma 
(4.3) there exist an integer A such that we have an closed immersion 

U C H x k Spec(k[xi, . . . ,x r }/(xx, . . . ,x r ) N ). (4.8.1) 

We let m be an integer such that 2 m+1 +n — 1 > A. Write A m = k[u]/(u 2> ' m+1) ). Let 
Z m = Spec(A m <g> fc k[x]^/(x^ - ex"" 1 ,x 2 , ... ,x r )) C Spec(A m ® fc k[x]( x )), where 
e G A m is the class of u in A m . We have that Z m = Spec(A m ® k k[xi]( Xl - ) /(x''l — 
ex" -1 )). It follows from Theorem (3.5) that Z m is an A m -valued point of the 
functor H,ilb n k[x]( x y 

By the universality of the pair (if, U) there exist a morphism Spec(A m ) — > iif 
such that Z m = Spec(A m ) x hII . It then follows from the closed immersion in (4.8.1) 
that Z m C Spec(A m ) XfcSpec(/c[x]/(xi, . . . , av)^). However, since 2 m+1 +n— 1 > A 
we have by the remark following Lemma (4.7), that Spec(A m ® k k[xi]( Xl - ) /(x''l — 
ex" -1 )) is not a subscheme of Spec(A m ) x k Spec(k[xi]/(x^)). Hence we get that 
Z m can not be a closed subscheme of Spec(A m ) x k Spec(/c[xi]/(xi, . . . , x r ) N ). We 
have thus reached a contradiction and proven the Theorem. 
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5. Pro-representing Hilb n k[x]^ x y 

5.1. Set up. Let si, . . . , s n be independent variables over the field k. The com- 
pletion of the polynomial ring k[si, . . . , s n ] in the maximal ideal (si, . . . , s n ) we 
write as i? n = k[[si, . . . ,s n ]]. We will show that R n pro-represents the functor 
Hilb n k [x] ( x ) . We recall the basic notions from [5] . 

5.2. Notation. Let Cfc be the category where the objects are local artinian k- 
algebras with residue field k, and where the morphisms are (local) /c-algebra homo- 
morphism. If A is an object of Cfc we say that A is an artin ring. 

We write H n for the restriction of the functor Hilb n k[x]^ to the category Cfc. 
Notice that an artin ring A, that is an element of the category Cfc has only one 
prime ideal. The residue field of the only prime ideal of A is k. The ideal (x n ) is 
the only ideal / of /c[a;]( x ) such that the residue ring k[x]^/I has dimension n as 
a /c-vector space. It follows that the covariant functor H n from the category Cfc to 
sets, maps an artin ring A to the set 



H n {A) 



' Ideals I C A®k k[x]( x ) such that the residue ring" 
M = A ®fc k[x]i x \/I is a flat A-module, where 
M ®a k = k[x]/(x n ), and such that there is an 
k inclusion of ideals (x) C 9t(I) in A Cg>fc k[x]( x y 



(5.2.1) 



Remark. Let TiilVli^ denote the usual Hilbert functor and consider its restriction 

K l x \ o) 

to the category Cfc. Thus an A-valued point of Hilb^ x ^ is an ideal I C A<S>kk[x]^ 
such that the residue ring M = A<S>kk[x]^/I is flat over A, and such that Mcgj^/c = 
k[x]/(x n ). We shall show that the restriction of the Hilbert functor Ti.ilb^ x ^ to 
the category Cfc coincides with the functor H n . 

Note that an A- valued point M = A® k k[x]^/I of Hilb^ x ^ is not a priori 
finitely generated as an module over A. However we have the following general 
result ([2], Theorem (2.4)). 

Let A be a local ring with nilpotent radical. Let M be a flat A-module, and 
denote the maximal ideal of A with P. If dim K (p)(M ®a k(P)) = dim K (Q)(M <S>a 
K (Q)) = n i f° r all minimal prime ideals Q in A. Then M is a free A-module of 
rank n. 

It follows that when A is an artin ring, and M = A ®fc k[x]^/I is an A- 
valued point of 7iilb^ x ^ , then M is free and of rank n as an A-module. It 
then follows by Lemma (2.2) that the ideal / is generated by a monic polynomial 

F(x) = x n -u 1 x n ~ 1 ^ h(-l) n w n in A [a;]. Since we have that M<S>Ak = k[x]/(x n ) 

we get that the coefficients ui, . . . ,u n of F(x) are nilpotent. Hence by Theorem 
(3.5) we have that (x) C SH(J) in A ®fc /c[x]( x ). We have shown that the two 
functors 7iilb n k[x]( x --j and 7iilb^ x ^ coincide when restricted to the category Cfc of 
artin rings. 

Lemma 5.3. Let A be an artin ring. Let ip : R n = k[[s±, . . . , s n ]] — > A be a local 
k-algebra homomorphism. Let F$(x) = x n — -i/'(s n )x n_1 + • ■ • + (— l)ip(s n ). Then 
we have that (F%(x)) Ci® fc i> s an A-valued point of H n . 

Proof. Since the map ip is local we have that ip(si) is in the maximal ideal of A, 
for each i = 1, . . . , n. The ring A is artin. Consequently = for some integer q. 
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It follows that the coefficients ip(si), . . . , ip(s n ) of F$(x) are nilpotent. By Theorem 
(3.5) we have an inclusion of ideals (x) C 9K(F% (x)) in A®k k[x]^ and the residue 
ring M = A<S>kk[x]^/(F^(x)) is aflat A- module such that M®^/c is of dimension 
n as a k- vector space. Thus we have proven that the ideal (F$(x)) Ci® fc 
is an element of H n (A). 

5.4. The pro-couple (R n , £). Let m be the maximal ideal of R n = k[[si, . . . , s n ]]. 
For every positive integer q we let s Qj i, . . . , s q ^ n be the classes of s±, . . . ,s n in 
R n /m q . It follows from Lemma (5.3) that the ideal generated by F q (x) = x n — 

s qy ix n ~ 1 + h (— l) n s g ,n in R/m q [x] generates an i? n /m 9 -point of H n . We get a 

sequence 

£ = {{Ftt*))h>o, (5-4.1) 

where (F q (x)) is an i? n /m 9 -point for every non- negative integer q. Clearly £ defines 
a point in the projective limit hni ^ { H n ( R„ /m q ) } . Thus we have that (R n ,0 is a 
pro-couple of i/ n . 

We let be the covariant functor from to sets, which sends an artin ring A 
to the set of local /c-algebra homomorphisms Homfc-i oc (-Rn7 A). We note that a local 
/c-algebra homomorphism -0 : i? n — > A factors through R n /m q for high enough q. 
We get that the pro-couple {R m £) induces a morphism of functors F^ : Kr — > i? n 
which for any artin ring A, maps an element ip G Kr(A) to the element (F^(x)) in 
if n (A). Here F${x) is as in Lemma (5.3). 

Theorem 5.5. Let R n = k[[si, . . . , s n ]], and let £ be as in (5.4.1). The morphism 
of functors F^ : Kr — > H n induced by the pro-couple (R n ,£), is an isomorphism. 

Proof. We must construct an inverse to the morphism F% : Kr — > H n . Let A be 
an artin ring, and let I C A <S>k be an ideal satisfying the properties of 

(5.2.1). We have that Assertion (1) of Theorem (3.5) holds. Consequently the ideal 
I C A <S>k k[%](x) is generated by a unique F(x) = x n — uix n ~ 1 + • • ■ + (—l)u n 
in A[x], where u±, . . . ,u n are nilpotent. The coefficients ui, . . . ,u n of F(x) are in 
the maximal ideal of A, hence the map ip : k[[si, . . . ,s n ]] — » A sending Sj to u^, 
determines a local /c-algebra homomorphism. We have thus constructed a morphism 
of functors G : H n — > /j,_r. It is clear that G is the inverse of F^. 

6. A filtration of 7iz/6 n /c[a;]( 2; ) by schemes. 

We will in Section (6) show that there is a natural filtration of Hilb n k[x]^ by 
representable functors {7Y n ' m } m >o, where 7i n ' m is a closed subfunctor of 7Y n > m+1 for 
all m. The functors 7i n ' m are the Hilbert functors parameterizing closed subschemes 
of length n of Spec(k[x]/(x n+m )). 

An outline of Section (6) is as follows. We will define the functors 7i n ' m from the 
category of /c-schemes, not necessarily noetherian schemes, to sets. We then con- 
struct schemes Spec(i/ n)Tn ) which we show represent H n,m . Thereafter we restrict 
7i n ' m to the category on noetherian fc-schemes, and show that we get an filtration 
of Hilb n k[x]( x y 

6.1. Definition. Let n > 0, m > be integers. In the polynomial ring k[x] 
we have the ideal (x n+Tn ) and we denote the residue ring as R = k[x]/(x n+rn ) = 
k[x]( x )/(x n+rn ). We denote by 7-p> m = Hilb R the local Hilbert functor of n-points 
on Spec R. Thus 7Y n > m is the contravariant functor from the category of /c-schemes 
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to sets, determined by sending a /c-scheme T to the set 

( Closed subschemes ZCTx k Spec(k[x] / (x n+rn )) , 
such that the projection Z — > T is flat, and where 
the global sections of the fiber Z y is of dimension n 
k as a «(y)-vector space, for all points y G T. 



n n ' m (T) = < 



6.2. Construction of the rings H n ^ m . Let P n = fc[si, ... , s n ] be the polynomial 
ring in the variables s± . . . , s n over fc. Let m be a fixed no n- negative integer, and 
let yi, . . . ,y m ,x be algebraic independent variables over P n . We define F n (x) — 

x n — six 71-1 H h (— l) n s n in P n [x], and we let Y m (x) = x m + yix m ~ 1 H Vy m - 

The product F n (x)Y m (x) is 

F n (x)y m (x) = + C m>1 (y)x n+m - 1 + • • • + C m , n+m (y). (6.2.1) 

As a convention we let so = yo = 1, and yj = for negative values of j. The 
coefficient C m ^(y) is the sum of products (— l) J Sjyi_j, where j = 0, ... ,n, and 
i — j = 0, 1, . . . , m. We have 

C m ,i(y) =Vi- siyi-i H h (-l) n s n yi_ n when z = 1, . . . , m. 

(6.2.2) 

C„ +j {y) = (-l) J y mSj + ■■■ + (-l) n y m+j - n s n when j = 1, . . . , n. 

For every non-negative integer m we let I m C P n [j/i, . . . , y m ] be the ideal generated 
by the coefficients C m ,i(y), ... , C m , m+n {y). We write 

[yu ■ ■ ■ , Vm]/im = P n [yi, ■■■ , ym}/(C m ,i(y), ■■■ , C mjm+n ). (6.2.3) 

Using (6.2.2) we note that C mjm (y) = y m + Cm-i,m(y)- For every positive integer 
m we define the P n -algebra homomorphism 

[yi,. ■ ■ ,y m ] Pn[yi,- ■ ■ ,y m -i] (6.2.4) 

by sending ^ to y { when % = 1, . . . , m - 1, and y m to -C m _i jm (y). 

Lemma 6.3. For every non-negative integer m we have that the natural map P n — > 
P n [yi,... ,y m ]/(C m> i(y), . . . ,C m>TO (y)) is an isomorphism. In particular we get 
that the map P n — > H n ,m «s surjective. 

Proof. Consider the homomorphism c m as defined in (6.2.4). It is clear that c m is 
surjective and that we get an induced isomorphism 

Pn[yi, • • • , ym]/{C m ,m{y)) - P n [yi, • • • , y m -i]- (6.3.1) 

When i < m we have that C mj i(y) is a function in the variables yi, . . . , y^ Hence 
when i = 1, . . . , m — 1 the elements C m ^{y) are invariant under the action of c m . 
From (6.2.2) we get that C m ^{y) = C m _i ) j(y) when i = 1, . . . , m — 1. It follows by 
successive use of (6.3.1) that we get an induced isomorphism 

Pn[yi, • • • , ym]/(C m ,l(y), . . . , C m ,m(y)) ^ Pn- (6.3.2) 

It is easy to see that the map (6.3.2) composed with the natural map induced by 
Pn ¥ Pn [yi, . . . , y m ], is the identity map on P n . We have proven the Lemma. 
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Lemma 6.4. For every positive integer m, the P n -algebra homomorphism c m 
(6.2.4) induces a surjective map H n m — * H n m _\. 

Proof. Let c m be the composite of the residue map P n [yi,... , y m -i] Hn,m-\ 
and c m . We first show that we get an induced map H n ^ m — > H n ^ m -\. That is, we 
show that the ideal I m C P n [yi, . . . , y m ] defining if n>m , is in the kernel of c m . 

The ideal I m is generated by C m> i(y), . . . , C mjm + n (y). As noted in the proof of 
Lemma (6.3) the elements C m ,i(y) are mapped to C m _i i j(y) when i = 1, . . . , m — 1, 
whereas C m>m (y) is in the kernel of c m . Consequently we need to show that the 
elements C m , m +./(y) are mapped to zero by c m . Using (6.2.2) we get that 

C mim+j (y) = (-lyymSj + (-iy +1 y m - 1 s j+1 h (-l) n y m+j _ n s n 

(6.4.1) 

= {-l) n y m Sj + C m - lj7n+j (y) when j < n - 1. 

It follows that C m ^ m+ j{y), for j = 1, . . . , n — 1 are mapped to zero by c m . The last 
generator of I m is C mim+n (y) = (— l) n y m s n , clearly in the kernel of c m . Thus we 
have proven that the ideal I m is in the kernel of c m : P n [yi, • • • , Vm] Hn,m-i- 

We need to show that the induced map H n m — > H n m _i is surjective. From 
Lemma (6.3) we have that the natural map P n — > H n m is surjective for all m. 
Since the map c m is P n -linear, it follows that the induced map H n ^ m — > H n ^ m _\ is 
P n -linear and the result follows. 

6.5. Definition. The natural map P n = k[si,... ,s n ] — > H n ,m is surjective by 
Lemma (6.3), for all m. We let s mj i be the class of Sj in H njm , for z = 1, . . . , n. 
Define 

Fn,m(x) =X n -Sm^X™- 1 +--- + (-l) n S m , n ili H^ m [x]. (6.5.1) 

Lemma 6.6. Let A be a k-algebra. Given an ideal I C A<S>k k[x]^ such that the 
residue ring A <S>k k[x]^/I is a free A-module of rank n, and such that there is an 
inclusion of ideals (x n+m ) C I in A <S>k k[x]( x y Then there is a unique k-algebra 
homomorphism ip : H n ,ra — > A such that 

Fi tm (x) =x n - V^iK 1 " 1 + • • • + (-l) n V(am,») 
in A[x] generates I. 

Proof It follows by Assertion (2) of Lemma (2.2) that / is generated by a unique 

F(x) = x n — uix 71-1 H h (— l) n u n in A[x\. By Assertion (1) of Lemma (2.2) the 

classes of 1, x, . . . , x n ~ x form a basis for M. Consequently F(x) in A[x] satisfies the 
assertions of Theorem (2.4). By Corollary (2.6) the inclusion of ideals (x n+m ) C 
(F(x)) in A ®fc is equivalent with the existence of G(x) in A[x] such that 

x n+m = f(x)G(x). Let G(x) = x m + g^™' 1 + ■ ■ ■ + g m in A[x}. The coefficients 
gi, . . . ,g m are uniquely determined by G(x), hence uniquely determined by the 
ideal /. Let yi, . . . ,y m be independent variables over k. We get a well-defined k- 
algebra homomorphism 9 : k[si, ... , s n , yi, . . . , y m ] — > A determined by 9(si) = Ui 
where % = 1, . . . , n, and 9(yj) = gj where j = 1, . . . , m. We have thus constructed 
a /c-algebra homomorphism 6> : P n [yi, . . . , y m ] — > A. We will next show that the 
map 9 factors through H n ^ m . We have that 

x n+m = F ( a .) G ( a .) 

= (x n - u x x n - x + ■■■ + {-l) n u n ){x m + g 1 x rn ~ 1 + --- + g m ) (6.6.1) 
= x n+m + c 1 x n+m - 1 + • • • + c n+m 
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in A[x\. It follows that the coefficients Cj where j = 1, . . . , m + n are zero in A. The 
homomorphism 9 induces a map P n [yi, . . . , j/m]^] ~~ *■ ^-t^] which sends F njm (x) to 
and Y^cc) = x m + yix m ~ l + ■ ■ ■ + y m to G(x). It follows that the coefficient 
equations C m j(y) (6.2.1) where j = 1, . . . , m + n, are mapped to Cj = 0. Hence the 
homomorphism 9 : P n [yi, ■ ■ ■ ,Um] ~^ A factors through H n ^ m . Let ip : B. n ,m —> A 
be the induced map. We have for each % = 1, . . . ,n that ip(s mj i) = 9(si) = Ui. 
Consequently we get that F% m (x) = F(x). We have thus proven the existence of a 
map ifj : H n ^ m — > A such that F% (x) generates the ideal I in A <g> k /c[x]( x ). 

We need to show that the map ifj is the only map with the property that 
(F$ m (x)) = I. Let ip' : H n ^ m — > A be a /c-algebra homomorphism such that 

F$' m (x) generates the ideal / in A<S>k k[x]( x )- By Assertion (2) of Lemma (2.2) the 
ideal I C A ® k fefx]^) is generated by a unique monic polynomial F{x) in A[x]. It 
follows that we must have F$' m (x) = F(x). Thus if u\, . . . ,u n are the coefficients 
of F(x), we get that ij)'(s m j) = v>i- A /c-algebra homomorphism H n ^ m — > A is 
determined by its action on s m> i, . . . , s m;n . Hence -0 = We have proven the 
Lemma. 

Proposition 6.7. The functor 7i n ' m is represented by Spec(H njTn ) (6.2.3). The 

universal family is given by Spec(f/' njm [x]/(F njm (x))). 

Proof. We first show that Spec(H njm [x]/(F njm (x))) is an i7 n m -valued point of 
H n > m . We have that F n , m {x) = x n -' SmjlX n - 1 '+ ■■■ + {-l) n s m ^ in H n>m [x]. Since 
F n ,m(x) is of degree n and has leading coefficient 1, we have that H n ^ m [x]/ {F n ^ m {x)) 
is a free if n)m -module of rank n. By the identity in (6.2.1) and the construction 
of H n m we have an inclusion of ideals (x n+Tn ) C {F n ^ m (x)) in H njTn [x]. Thus we 
have that H n , m [x]/ {F n , m {x)) = H n , m <g> fc R/{F n , m {x)), where R = k[x]/(x n+m ), 
and consequently Spec(H njm [x]/ (F njm (x))) is an i7 n m -valued point of Tt n,m . 

We then have a morphism of functors F : Hom(— , Spec(if njm )) — > H n,rn , which 
we claim is an isomorphism. 

Let T be a /c-scheme and let Z be an T- valued point of 'H n,m . Let p : T x k 
Spec(/c[a;]/(x n+m )) — > T be the projection on the first factor. Let Spec(A) = 
U C T be an open affine subscheme and let the closed subscheme Z np _1 ([/) C 
U x k Spec(k[x]/(x n+m )) be given by the ideal J C A® k k[x]/(x n+m ). Let / be the 
inverse image of J under the residue map A <S>k k[x]^ — * A (E) k k[x]/(x n+Tn ). 

It follows from the definition of the functor 7i n ' m that the ideal I satisfies the 
conditions of Proposition (2.3). Hence A (3 k k[x]^/I is a free A-module of rank 
n. We have by definition an inclusion of ideals (x n+m ) C I in A ® fc k[x]( x y Con- 
sequently we get by Lemma (6.6) a unique map fu'-U—> Spec(if n)Tn ) such that 
Zf\p-\U) = U x Hn m Spee(H n>m [x]/(F n>m (x))). 

Thus, if {Ui} is an open affine covering of T, we get maps /j : Ui — > Spec(i7 n>m ) 
with the property that 

Znp-\U i ) = U i x Hn m Spec(H n , m [x}/(F njm (x))). (6.7.1) 

The maps fi'.Ui—* Spec(H njTn ) are unique with respect to the property (6.7.1). 
Hence the maps fi glues together to a unique map fz '■ T — > Spec(H njTn ) such that 
Z = T XH nm Spec(if njrn [a;]/(F n)m (x))). It follows from the uniqueness of the map 
fz that the assignment sending a T-valued point Z to the morphism fz puts up 
an bijection between the set H n ' m (T) and the set Hom(T, Spec(H nj7n )). We have 
proven the Proposition. 



13 



Theorem 6.8. Let n be a fixed positive integer. There is a filtration of the functor 
Hilb n k[x]( x ^ by an ascending chain of representable functors 

H n,0 ^ H n,l g- H n,2 ^ _ ^ 

where 7i n ' m is a closed subfunctor of H n,m+1 , for every m. 

Proof. By Proposition (6.7) the functors 7-p> m are represented by Spec(if njm ) 
where the universal family is given by U n ^ m = Spec(H njrn [x]/(F njm (x)). Let 
c m _|_i : H njUl+ i — > H Ujrn be the surjective map of Lemma (6.3). It follows from the 
P n -linearity of c m _|_i that the induced map H njTn +i[x] — > H njTn [x] maps F nj7ri+ i(x) 
to Fn,m{x). Consequently we have that Spec(-ff n)Tn ) is a closed subscheme of 
Spec(# n , m+ i) such that U n , m+1 x Hnm+1 Spec(i7 n , m ) = U n , m . Hence we have 
that H n ' m is a closed subfunctor of W*' m+1 . 

From the constructions (6.2.3) of the rings if n ,m it is evident that they are 
noetherian. It follows that the restriction of the functor 7^ n > m to the category of 
noetherian fc-schemes, is represented by Spec(if n)Tn ). 

That the functors {# n ' m } m >o give a filtration of the functor Hilb n k[x]( x ), follows 
from Lemma (4.3). Indeed, given an noetherian /c-scheme T and let Z be a T- 
valued point of H,ilb n k[x\^ x y Then there exist an integer N = N(Z) such that 
Z CT Xfc Spec(k[x]/(x N )). Consequently the T-valued point Z of 7iilb n k[x]^ x ) is 
a T-valued point of Tt n ' N ~ n . We have proven the Theorem. 

6.9 Examples of H n ^ m . The rings # n ,m are all of the form k[s\,... ,s n ]/^m 5 
where J m is generated by n elements. With n = 1 it is not difficult to solve 
the equations (6.2.2). We get that #i, m = k[u]/(u m+1 ). Thus we have that the 
scheme Spec k[x]/(x m+1 ) itself represents the Hilbert functor H 1,m of 1-point on 
Spec(k[x]/(x m+1 ), for all non-negative integers m. 

In general, with n > 1 a description of the generators of the ideal J m is not 
known, even though they can be recursively solved. For instance, we have 

#2,1 = k[x,y]/(x 2 ,xy) 

#2,2 = k[x, y]/(x 3 - 2xy, x 2 y - y 2 ) 

#2,3 = k[x, y]/(x 4 - 3x 2 y + y 2 , x 3 y - 2xy 2 ). 
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